A probabilistic model has been developed for predicting the reliability of structures based on fracture mechanics and the results of nondestructive examination (NDE). The distinctive feature of this model is the way in which inspection results and the probability of detection (POD) curve are used to calculate a probability density function (PDF) for the number of flaws and the distribution of those flaws among the various size ranges. In combination with a probabilistic fracture mechanics model, this density function is used to estimate the probability offailure (POF) of a structure in which flaws have been detected by NDE. The model is useful for parametric studies ofinspection techniques and material characteristics.
INTRODUCTION
The key issue addressed in this paper is how to include inspection results in a probabilistic model of the reliability of a structure. Probabilistic fracture mechanics can be used to calculate the probability of failure of a structure due to a single flaw or numerous flaws when the nominal level of applied stress is known.' The random variables in such models are typically material properties, such as fracture toughness, flaw characteristics, such as size and orientation, and values for the applied stress.
When the actual number of the flaws is uncertain the model must be modified to accommodate variability in the flaw population. A method of modeling flaw population as a random variable and combining this model with a probabilistic fracture mechanics model is presented here. A probability density function for the number of flaws and the distribution of those flaws among the various size ranges is computed using NDE results and the POD cmve of the inspection technique employed. This PDF is then used to estimate mean probability of failure.
A very simple probabilistic fracture mechanics model is employed for this work. Only variability in the applied stress is considered; all material properties are considered deterministic. The only type of flaws considered are surface cracks with constant aspect ratio. This simplified model is sufficient to demonstrate some of the more important characteristics of the modeling approach.
FLAW POPULATION PROBABILITY DENSITY FUNCTION
The issue in question is how to estimate the actual number of flaws and their sizes when imperfect NDE techniques are employed to detect them. It is assumed that the POD versus size curve of the NDE technique is known. It is also assumed that flaws can be grouped by size into a finite number of bins. For example, flaws with through-wall thickness fractions of less than .1 might be assigned to the first bin. The next bin might include flaws with through-wall thickness fractions greater than .1 but less than .2, and so fourth.
A single estimate of the number of flaws in each size bin is not particularly useful if the goal is to estimate statistical moments, such as the POF. A probability density function is desired, which we derive here. To begin, we assume that the The remaining term to be identified in equation (1) 'N (n)
Remembering that the vector n is the number offlaws detected in each flaw size range, it is clear that PN assumes a constant value once the NDE results have been obtained. Finally, we arrive at an equation for the probability that a certain population distribution offlaws exists, given that a particular distribution offlaws has been detected:
The calculation ofthe mean probability of failure using this density function will now be discussed. 11j is the POF due to one flaw in the ith size range, then the overall POF due to a distribution, m, offlaws is:
The mean POF is calculated using the flaw population PDF as follows:
:: = : • . . : F(m) P (men) (6) in1 m2 mR Where the summation ranges are as previously described.
The computational requirements of equation (6) deserve some discussion The summations in equation (6) and in the denominator term, PN, in equation (4) are potentially very costly to calculate. Two considerations reduce the computational requirements considerably:
1. When flaws in adjacent flaw size range bins result in identical values for the POF, j, the adjacent bins can be combined, reducing the dimensions of the problem. Typically, the smallest flaws, which fall into the first few size range bins, result in zero probability of failure. These bins can be combined. Similarly, a few bins containing the largest flaws can sometimes be combined when flaws in these bins result in certain failure (POF=1).
2. The magnitude of the PDF given by equation (4) is usually only significant over a small region of R-dimensional space.
The summations only need to be done over this region. This region can be determined beforehand by first finding the distribution, m, corresponding to the maximumvalue of the PDF and then detenrnning the range ofvalues for each rn that result in significant magnitudes for the PDF.
FRACTURE MECHANICS
The essential element of the fracture mechanics model is an empirical equation relating the Mode I (tensile loading) stress intensity factor, K1, to the applied stress, S. This equation, derived by Newman and Raju4 for semi-elliptical surface cracks in a plate loaded in combined bending and tension, is Ki=St1jF
where a is crack depth, Q is the shape factor, and F is the boundary correction factor. The shape factor, Q, is given by
where c is the half-length of the surface crack The boundary correction factor, F, is given by
where t is the thickness of the plate and 4) is the parametric angle of the ellipse. Other terms appearing in the above The probability offailure is, by definition, the probability that the stress intensity factor exceeds some critical value, i.e.
Prob{KJ>hKk}
where K1 is the fracture toughness and h is a correction factor determined empirically. For this work h was assumed to be 1. 15 . Values for the fracture toughness were taken from the literature.
The applied stress, S in equation (7), was considered to be a random variable with a gaussian PDF. The stress intensity factor, K1 , is therefore a gaussian random variable also. The POF for a single crack is determined by first calculating the mean and standard deviation of the stress intensity factor from the mean and standard deviation of the applied stress using the above fracture mechanics equations. The area under the stress intensity factor PDF that exceeds the critical threshold, hK1 , is by definition the POF.
For this work all cracks are considered to have the same aspect ratio, so crack depth is the only size parameter of interest. The depth of a crack assigned to a depth range bin is assumed be equal to the midpoint of the depth range for that bin. Using this crack depth and the method outlined in the previous paragraph, a POF for each flaw size bin is calculated. For the i-th bin this POF is the parameterj appearing in equation (5).
PROBABILITY OF DETECTION AND CRACK SIZE DISTRIBUTION
In order to apply this failure analysis methodology to a structure the relationship between the POD and crack depth must be estimated. For this work we assume the following form for the POD function:
where PD 5 the POD, A is the area of the crack, A is the crack area corresponding to PD=5O%, c is the smallest possible probability of nondetection for vezy large cracks, and v is an empirically determined "slope."
Khaleel and Simonen,6 at Pacific Northwest Laboratory (PNL), have identified three POD curves corresponding to three levels ofNDE reliability. These NDE levels are described as follows:
1. Marginal performance: In the judgment of the PNL experts, a POD performance that is described by this curve would represent a team having only a small chance ofpassing an Appendix Viii perfonnance demonstration.
Very good performance:
In the judgment of the PNL experts, this curve corresponds to a team that significantly exceeds the minimum level ofperformance needed to pass an Appendix VIII perfonnance demonstration test.
3. Advanced performance: In the judgment of the PNL experts, this curve corresponds to a team that has a level of performance significantly better than expected from present day teams that have passed an Appendix Vill-type of performance demonstration. Such a team would need to apply advanced technologies and/or improved procedures that could be developed in the future. Table 1 presents the POD curve parameters for the three levels of NDE reliability used by Khaleel and Simonen. These three POD curves were used for this work. They are plotted in figure 1.
We assume an exponential form for crack depth distributions. Figure 2 shows the exponential distribution of 476 cracks in 40 crack depth bins. Figures 3 and 4 show distributions in which 234 and 1 18 cracks were apportioned according to the exponential crack depth distribution used in figure 2 . Figures 5, 6 , and 7 show distributions of detected cracks, consistent with the presence of476 cracks, as in figure 2 , and the POD curves defined in table 1. We conducted test cases using these three distributions of detected cracks and six more distributions consistent with figures 3 and 4 and table 1.
PROBABILITY OF FAILURE CALCULATIONS
Nine test cases are presented here. Each test case results from one of the three POD curves described above and one value for the total number of cracks actually present. The assumed fracture mechanics parameters are as follows:
. . percent standard deviation ofapplied stress 10% Figure 8 shows the POF due to one crack in each of 40 crack depth bins, calculated assuming the above fracture mechanics parameters. Equations, (4), (5) , and (6) are used to calculate the overall POF of the structure from the POF curve in figure  8 and the crack population PDF (equation (4)). The results ofthe nine test cases are summarized in table 2.
The benefit of more reliable NDE is clear from table 2. As NDE becomes more reliable the calculated POF of the structure approaches the POF that would be calculated if the actual crack population were known. As NDE becomes less reliable the probability oflarger undetected cracks becomes greater and the calculated POF increases.
The benefit of improved NDE seems to increase when fewer cracks are present. This is because the depths of the largest cracks decrease as the actual crack population decreases. These largest cracks influence the POF calculations the most, especially when more reliable NDE techniques are used.
DISCUSSION
In many risk assessment models a crack population is assumed for a structure without NDE input. Such assumptions are problematic for a number of reasons, one being the difficulty of predicting changes in the crack population in a component afler years of service. This prediction task requires extensive experience with the materials used to fabricate the structure and with the structure's operating environment in order to identify the processes for crack initiation and growth. The luxury of such experience does not exist generally because of the operational realities of most industries. As a result, substantial conservatism exists in models predicting structural integrity and lifetime extension. The roll ofNDE in lifetime prediction has generally been overlooked by these conservative prediction models. This work has demonstrated that NDE can play a significant roll in lifetime prediction.
The probabilistic model presented here is useful for quantifying the improvements in reliability resulting from NDE, and studying the effects of different NDE performance levels. The probabilistic fracture mechanics model described here is quite simple, considering variability only in the applied stress. However, the methodology described in this paper could be used for more complicated models in which variability and uncertainty in several parameters are considered. Such a model would permit the simultaneous study of the effects of NDE and variability and uncertainty in material properties, loading conditions, and flaw characteristics.
This study suggest that NDE can play a significant role in reducing the probability of failure of structures if the inspection procedures satisfy strict minimum performance requirements. 
